Abstract This paper investigates in detail the dynamics of the modified KdV equation with self-consistent sources, including characteristics of one-soliton, scattering conditions and phase shifts of two solitons, degenerate case of two solitons and "ghost" solitons, etc. Co-moving coordinate frames are employed in asymptotic analysis.
Introduction
Soliton equations with self-consistent sources [1−6] can provide variety of dynamics of physical models due to the nonconstant velocities of solitary waves resulting from sources. Therefore such systems are of much physical interest. Mathematically, many classical solving methods, such as inverse scattering transform, Darboux transformation, Hirota method and Wronskian technique, have applied to such systems and many explicit exact solutions were derived. [7−18] In general, for the solitons without sources, they scatter elastically with phase-shifts after their interactions, and the method of asymptotic analysis in a new coordinate frame co-moving with one of solitons is usually the main tool to investigate soliton interactions. [19] Do the solitons with multi-sources still scatter as those without source or with a single source? How do the sources effect their interactions? This paper will focus on investigating the scattering and source-effects of multi-solitons with multi-sources by means of asymptotic analysis. This is different from Refs. [1] ∼ [6] , where most equations were only attached with a single source and the dynamics considered was also for one-soliton with one source.
In this paper, we will take the modified KdV equation with self-consistent sources (mKdVESCS) as an example to investigate in detail the scattering of solitons with sources and see how the sources affect their dynamics. Asymptotic analysis will be employed as the main tool in our discussions. We first review characteristics of one-soliton with a source. Then we discuss the conditions for two-soliton scattering and also obtain the formulae for phase-shifts. Some interesting dynamics of the mKdVESCS are found in our investigations, for example, the "ghost" solitons in the degenerate case of two solitons.
The paper is organized as follows. In Sec. 2 we list the exact solutions in Hirota's form to the mKdVESCS. In Sec. 3 we discuss one-soliton characteristics and twosoliton scattering.
mKdVESCS and N -Soliton Solutions
In this section let us list the known solutions in Hirota's form of the mKdVESCS.
The mKdVESCS is [7] u t + u xxx + 6u
where {(φ
This equation has been solved via the inverse scattering transform [7] and bilinear approach. [15] In Ref. [15] , through the dependent variable transformations
equation (1) was written into its bilinear form
where i = √ −1,f andḡ j are the complex conjugates of f and g j , and D is the well-known Hirota bilinear operator defined as [20, 21] 
Consequently, by means of Hirota's procedure, N -soliton solution to the mKdVESCS can be derived and expressed * The project supported by National Natural 
where
k j and ξ (0) j are real constants, β j (t) is an arbitrary nonnegative continuous function of t defined on (−∞, +∞), and the sum over µ = 0, 1 refers to each of the µ j = 0, 1 for j = 1, 2, . . . , N .
Mathematically, each β j (t) acts as one source and the number of sources cannot be more than the number of solitons, i.e., each soliton has at most one source. Some β j (t) equal to zero will result in a soliton without source and when all the {β j (t)} are zero equation (4a) will degenerate to be for N -soliton solution of the mKdV equation.
Scattering of Solitons
One advantage of N -soliton solution expressed in Hirota's form, i.e., Eq. (4), is that it is convenient for investigating scattering of multi-solitons. In this section, we mainly discuss two-soliton scattering of the mKdVESCS. Let us start from one-soliton dynamics.
Dynamics of One Soliton
When taking N = 1 in Eq. (4), we get
and through Eq. (2) we further have
where ξ 1 is given by Eq. (5). Equation (7a) provides a soliton moving with a constant amplitude 2|k 1 | and top trace
or velocity
As the arbitrary non-negative function β 1 (t) plays the role of source and in effect it changes the top trace or velocity of the soliton but not the shape, we can have a soliton travelling with variety of trajectories. One special case is that when k 1 < 0 and β 1 (t) ≡ −4k Another case is to take β 1 (t) = 1 − sin(2t). In this case, the soliton swings periodically along the line x = [(4k
1 + 1)/2k 1 but its shape is not changed, as described in Fig. 2(a) , while figures 2(b) and 2(c) give graphics of the corresponding sources φ 1,1 and φ 2,1 . The corresponding source φ 1,1 given by Eq. (7); (c) The corresponding source −φ 2,1 given by Eq. (7).
Scattering of Two Solitons and Asymptotic Analysis
In general, for two normal solitons (without sources), they scatter elastically with phase-shifts during their interactions. [19] As we have shown that the β j (t) plays the role of source and it can result in a soliton travelling with variety of trajectories, we can also have variety of two-soliton interactions by choosing different sources.
The two-soliton solution of the mKdVESCS is given as
and the corresponding sources are
and each ξ j is defined as Eq. (5). Equation (10) 
which guarantees (k 2 − k 1 )/(k 2 + k 1 ) to be always positive. Now let us investigate the condition of two-soliton scattering.
Proposition 1 There will be scattering between two solitons with sources defined by Eqs. (10) and (12) when they satisfy
where is some positive number. In this case, the velocity of ξ 2 -soliton is always larger than the one of ξ 1 -soliton for the whole t-axis.
After scattering, ξ 2 -soliton will have a rightward phase shift
then the soliton scattering also exists while after scattering ξ 2 -soliton will have a leftward phase shift
Proof We start from the case of k 2 > k 1 > 0. The scattering of solitons can be investigated through extracting the initial and final soliton states, and this can be done by means of asymptotic analysis. [9] We first consider the following coordinate frame co-moving with ξ 1 -soliton,
In this frame ξ 1 (or X = ξ 1 /k 1 ) always stays constant while
In fact, by noticing condition (15), ξ 2 can be rewritten as
where 0 (t) is some real function related to t and not more than − for t ∈ (−∞, +∞). Thus, in this frame, we have
and
respectively. These are two ξ 1 -solitons with slightly different top traces. By comparing their top traces we find ξ 1 -soliton has a leftward phase shift
In the same way, we consider another coordinate frame co-moving with ξ 2 -soliton,
In this frame ξ 2 (or Y = ξ 2 /k 2 ) always stays constant while
and u respectively tends to two ξ 2 -solitons
which has a rightward phase shift
Thus, this proposition is right for the case of
Similarly, it is not difficult to check that the proposition is also valid for the condition (16) and the other three cases of |k 2 | > |k 1 | > 0, i.e., k 2 < k 1 < 0, k 2 > −k 1 > 0, and k 2 < −k 1 < 0. So we complete the proof.
Figures 3 gives two graphics of two-soliton scattering. One is for the interaction between a stationary soliton and a moving soliton, and another is for the head-on collision between a positive amplitude soliton and a negative amplitude soliton. Proposition 2 Equations (15) and (16) are two sufficient but not necessary conditions for two-soliton scattering with phase shifts. For more sufficient conditions, equations (15) and (16) can respectively be replaced by
Under these two new conditions we have the same results on scattering and phase shifts as Proposition 1. 3.3 Degenerate Case of k 1 = k 2 and "Ghost" Solitons An interesting case in two-soliton interactions is of
j , (j = 1, 2) . (30) This seems to be a one-soliton with a special source, but we would look at it as a degenerate two-soliton case. In fact, back to Ref. [15] , from the procedure by which we derive N -soliton solution with N sources through Hirota's method, we find that each soliton can be attached with at most one source. That is why we call the solution generated by Eqs. (26) ∼ (30) degenerate 2-soliton solution (noting that it has two different source representatives g 1 and g 2 and therefore it cannot be one-soliton solution although it looks like) but not one-soliton with a special source split into two terms. Figure 4 (a) shows that two solitons with same amplitude but different top traces joint together, like a soliton suddenly knocking on a wall and changing direction. To see the reason behind such strange dynamics, we still extract the initial and final soliton states.
We consider the degenerate case (k 1 = k 2 ) of the interaction of ξ 1 -soliton and ξ 2 -soliton, where ξ j -solitons are described as in the previous subsection. Suppose that β j (t) satisfy
and we consider the following coordinate frame co-moving with ξ 1 -soliton,
where ξ 1 stays constant but
we can find that
which means ξ 1 -soliton exists initially but disappears finally. Then we consider another frame co-moving with ξ 2 -soliton, i.e.,
where ξ 2 stays constant but
→ ∓∞, as t → ±∞ .
(37) In this case we have
which means ξ 2 -soliton does not exist initially but appears finally. Similar results can be obtained for β j (t) satisfying Figure 4 makes us associate such a degenerate case to the "ghost" solitons of the Hirota-Satasuma equation. [19] In our case, the soliton u travels first with an original source and then suddenly with another different source. Obviously, the "ghost" comes from the effect of sources. 
Two Solitons Travelling with Same Velocity
For two-soliton of the mKdVESCS, choosing suitable sources, they will move with same velocity. In this case, they travel in a parallel way, as shown in Fig. 6 . This is different from the same case of solitons of nonlinear Schrödinger equation where they will periodically interact each other.
Conclusion
We have investigated the sources effect in soliton interactions of the mKdVESCS. For one-soliton with a source, the source in effect changes velocity of the soliton but not the shape, and thus we can have a soliton travelling with variety of trajectories. For two-soliton with sources, they can also scatter with phase shifts as those ordinary solitons (without sources) if the sources satisfy some conditions. Asymptotic analysis in co-moving coordinate frames has been shown to be a powerful tool to analytically get those scattering dynamics. We also investigated some special cases of two-soliton interactions, particularly, the "ghost" solitons in the degenerate case of two solitons, which is new for the mKdVESCS. In this case, the soliton u shows strange behaviors that it travels first with an original source and then suddenly with another different source, or, looks like a soliton suddenly knocking on a wall and changing direction. Obviously, we can control the angles of incidence and reflection by choos-ing suitable sources and control the "knocking point" by coordinate transfers. We explained such "ghost" solitons also by means of asymptotic analysis. Although, in this paper we only focused on the mKdVESCS, we believe that our discussions and results are general and can be generalized to other soliton equations with self-consistent sources. Besides, such variety of dynamics of solitons with sources is also of much physical interest. (2) and (4) for N = 3, k 1 = k 2 = −0.5, β 1 (t) = 0, β 2 (t) = −8k
